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ON  THF  THEOREM  OF  N.V.  SMTRNOV 
WITH  REEPRCT  TO  A COMRARISON  OF 
TWO  SAMPLTNOS 


I.D,  KvU. 

(Presented  hv  Academician  A.N. 


Kolmoftorov  on  12  January  IQRO) 


In  work  [1]  N.V.  Smirnov  studied  the  followlnp;  Important 
problem  of  statistics:  there  are  two  series  of  results  of  inde- 
pendent observations  on  the  random  quantities  nnd  r,^ 

'^1  # ^1*  .... 


and 

yi<  y„- 

It  is  asked  under  what  conditions  is  it  possible  to  consider  that 
the  distribution  functions  and  ^ {5i < Jf) 

are  equal,  and  when  is  the  dlverKence  of  the  experimental  data  so 
considerable  that  the  hypothesis  = should  be  rejected 


In  the  present  memorandum  we  show  that  the  fteneral Isation  of 
the  theorems  of  A.N.  KolmoROorov  and  N.V.  mirnov,  obtained  by 
O.M.  Maniva  [2]  for  one  samplinr,  is  transferred  without  diffi- 
culty to  the  problem  of  N.V.  Smirnov  about  two  samplings. 


T,pt  us  examine  the 


empirical 

5«(4C). 


distribution 

m > 


funct i ons 


where  ki(x)  is  the  number  of  observed  values  of  less  tlian  x 
anct 
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where  A,(x)  Is  the  number  of  observed  values  of  less  than  x. 


At  the  discontinuity  points  we  supplement  the  empirical 
distribution  functions  with  the  vertical  sep:ments. 

In  the  Indicated  work  N.V.  Smirnov  proved  that  if  A^i(x)  = /='»(jc). 

function  is  continuous  and  increases  everywhere,  —=  const. 

n 

then  when 


mrt 

N « — oo 


where 


•o 


D{m,  n)  — su'i  I S„  (.x)  — Tn  {x)  | . 

— flc<.r<«o 

Let  us  assume  that  and  are  arbitrary  numbers, 

0<;;ei<0i<l  • het  us  assume  that  ^lix)  — F.{x)  — /■' (x)  determli 

ft  and  B by  means  of  equalities 

F (a)  = 0,,  P (P)  = **a- 

Let  us  denote  further 

= min  [5„  (.«)  = 0,;  r„  (x)  = 0,],  P^,  = max  [S*  (a)  = 6,;  f,  (a)  =0,|. 

JC  X 

Then  when  n — oc  virtue  of  the  theorem  of  (llivenko. 


there  should  be 


Kn-*?- 


I.et  us  introduce  the  notations 


dL (Op  Oj)  = sup  (5,  (A)  - r,  (A)). 

sup  I 5„{A)-r,{A)  1 . 

(“mil'  S*(i) 


The  obtained  results  can  be  formulated  in  the  form  of  the 
following,  two  theorems. 


2 


Theorem  1.  If  when 


n -*•  oo  61  * — 01  + J OftnjL 


e\*'  = 6, +o(pL'j,  O<0,<e,<  1 then 


where 


a t 

•I*"  (01.  0t:  ^)=  )i  S «-•'•<?>•■ '•'I/Zirfz,- 


■>r.  I r-/?* 


a = 


^ i 

_Ir  h'  - <1'"  ®«>-  A>  - 1/  5ILr^> 

V' 6,(1 — o',')  ’ i e,(i  - 0,)  ’ ' 0i(>— 61)’ 

Q{~i<  *a)  = j (-1  + 2/?r,Z2  + 25], 

Q (r„  z.)  =•  \z]  - 2RziZ.  + ?»). 


Hence,  in  particular. 


p{D:.,a.  IK,-V}»: 


1 - e-’^’. 


We  see  thus  that  the  theorem  of  N.V.  Smirnov  about  the  one- 
-slded  deviations  of  the  emolrical  function  from  the  theoretical 
is  carried  over  to  the  case  of  the  maximum  of  one-sided  deviations 
of  two  emoirlcal  functions. 


Theorem  2.  In  the  suppositions  of  theorem  1 

p (Ol"',  ei"')  < 0,;  ?). 

where 
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1 


-a  -h  an  ht 
~~r.\  2 (—  1 ^ 


a* 


Hence  when  6,  = 0,  e,=  l we  get  (1). 


-«*  -** 

b,  = 

(1-e.)'  »'e.(i:3e;)  • 


Similar  to  the  theorems  of  O.M.  Maniya,  the  results  discussed 
make  it  nossible  to  use  that  interval  of  the  observed  values  in 
which  the  results  of  the  observations  are  more  reliable. 


In  the  work  we  used  the  method  of  Laplace  transforms  applied 
bv  W,  Feller  [3]  for  proofs  of  the  theorems  of  A„N.  Kolmogorov 
and  N.V.  Smirnov. 


In  conclusion  I wish  to  express  my  deep  thanks  to  Prof.  B.V. 
Gnedenko  for  the  statement  of  the  problem  and  his  guidance  in  the 
solving  of  it. 
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